Molecular motors, by turning chemical energy into mechanical work, are responsible for active cellular processes. Often, groups of these motors work together to perform their biological role. Motors in an ensemble are coupled and exhibit complex emergent behavior. Although large motor ensembles can be modeled with partial differential equations (PDEs) by assuming that molecules function independently of their neighbors, this assumption is violated when motors are coupled locally. It is therefore unclear how to describe the ensemble behavior of the locally coupled motors responsible for biological processes like calcium-dependent skeletal muscle activation. Here, we develop a theory to describe locally coupled motor ensembles, and apply the theory to skeletal muscle activation. The central idea is that a muscle filament can be divided into two phases: an active and an inactive phase. Dynamic changes in the relative size of these phases are described by a set of linear ordinary differential equations (ODEs). As the dynamics of the active phase are described by PDEs, muscle activation is governed by a set of coupled ODEs and PDEs, building on previous PDE models. With comparison to Monte-Carlo simulations, we demonstrate that the theory captures the behavior of locally coupled ensembles. The theory also plausibly describes and predicts muscle experiments from molecular to whole muscle scales, suggesting that a micro-to macro-scale muscle model is within reach.
I. INTRODUCTION
Molecular motors, molecules that turn chemical energy into mechanical work, are critical for life. They are responsible for most active biological motion and force generation, including organelle transport, chromosome separation in mitosis and contractile ring constriction in cytokinesis [1] . Over the past few decades, many of these motors have been characterized at the single molecule level [2] [3] [4] [5] [6] . However, molecular motors seldom work alone when functioning in living cells [7] .
Mechanically coupled motors, for example motors moving a shared cargo, apply forces on each other. These forces affect the rate the motors transition between chemical states [4, 8] . Complex collective behavior can arise in this more realistic case where motor proteins work in concert or antagonistically [9, 10] . These complex systems, besides being biologically important, have attracted the attention of both theoretical and experimental physicists [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
While a handful of molecular motors work together for some biological processes (such as organelle transport [7] ), sometimes large numbers of motors work together. For example, trillions of molecular motors cooperate to contract a beating heart. Mathematical techniques that describe the state of each motor in an ensemble, like master equations, can be solved numerically to describe the dynamics of a few motors; but this approach is generally intractable for trillions of interacting motors. In- * email: swalcott@math.ucdavis.edu stead, these systems are traditionally modeled with partial differential equations (PDEs) whose derivation requires each motor to function independently of its neighbors, the independent force generator hypothesis [e.g. 22, 23] , a form of mean-field approximation [24] . Like small motor ensembles, these large collections of coupled motors exhibit complex behavior including oscillations, bistability, hysteresis, and bifurcations [25] [26] [27] [28] [29] [30] [31] .
Motors working together can be coupled through mechanisms besides force. For example, some motors are locally coupled, where the presence of one motor affects the chemical transition rates of nearby motors but has no affect on distant motors [32] . Local coupling differs fundamentally from coupling via a shared cargo, where all attached motors are influenced identically by the cargo. Importantly for large ensembles, local coupling violates the independent force generator hypothesis, so that traditional PDE models cannot be used. Here, we present an efficient model of calcium-dependent skeletal muscle activation, a biologically important process where local coupling occurs in large ensembles of the molecular motor myosin II (henceforth called myosin).
Muscle contraction is caused by the relative sliding of two sets of filaments, actin-containing thin filaments and myosin-containing thick filaments. Sliding is powered by ATP-dependent interactions between actin and myosin. In particular, the molecular motor myosin uses the energy stored in ATP to 1) unbind from actin, 2) undergo a conformational change, 3) bind to actin and 4) reverse the conformation change from step two, thereby undergoing a power stroke that slides actin forward [33] . The rate of these chemical interactions depends on force [8, 34] . If the myosin motors are not locally coupled, then PDE [22] and integro-PDE [35, 36] models describe the collective behavior of large motor ensembles.
PDE and integro-PDE models (henceforth called Huxley PDE models) describe the time-dependent probability that a given myosin molecule is in a particular biochemical state with extension x. If binding sites are assumed to be densely distributed on actin [28, 37] , these models can be written as [35, 36] ∂n ∂t + v ∂n ∂x = A(x)n + B(x)N + b(x)
where v is the speed of actin relative to myosin, n i (x, t) is the probability density of myosin being in the i th state with extension x at time t, and N i = ∞ −∞ n i (x, t)dx is the probability of myosin being in the i th state at time t. The matrices A(x) and B(x) and the vector b(x) are determined by rate constants for each of myosin's chemical reactions. These rates depend on myosin's extension, x (or, equivalently, the force on myosin).
Derivation of Huxley PDE models (Eq. 1) requires each myosin to behave as an independent force generator [e.g. 22, 23] . Then, the state of a large ensemble is specified by the average state distribution vector, n(x, t). However, when molecules in the ensemble are coupled locally, i.e. when the rate constants governing the chemical state transitions of a particular molecule depend on the state of neighboring molecules, then information about spatial correlation is needed to define the state of the ensemble. In particular, two ensembles having the same average state distribution vector, n(x, t), can behave differently if the bound molecules are clustered together (high spatial correlation) in one ensemble and sparsely distributed (low spatial correlation) in the other. This type of local coupling occurs during muscle contraction, particularly during muscle activation/deactivation [38] [39] [40] .
In vertebrate skeletal and cardiac muscle, myosin's interaction with actin is regulated by calcium binding to troponin, a thin filament-associated protein. When a nerve signal initiates contraction, calcium is released from structures in the muscle cell. Troponin binds this calcium and changes conformation, thereby moving tropomyosin, a filamentous protein that wraps around actin, away from a position that prevents myosin binding (Fig. 1A) [41] . It was initially thought that calcium binding to troponin determined whether myosin could bind to actin (an "on-off" mechanism) [42, 43] ; however, recent experiments support a more nuanced view.
Evidence against the simple "on-off" mechanism comes from biochemical experiments [44] [45] [46] , in vitro molecular assays [40] , fiber studies [47] , modeling [40, 46] and structural studies [39, 48, 49] that all suggest tropomyosin exists in a dynamic equilibrium between three states on actin: blocked, closed and open [50] . In the blocked state, tropomyosin occupies a position on actin where myosin binding is sterically inhibited. Calcium binding by troponin favors a shift in tropomyosin's position to the closed state, where myosin binding is more favorable [51] . Tropomyosin is further shifted into the open state when a myosin molecule binds to actin [39, 49] . The shift in tropomyosin position due to myosin binding facilitates the binding of other myosin molecules [44, 45, 47] . Importantly, this effect is local; the binding of one myosin only accelerates the binding of nearby myosin [39, 40] . This local intermolecular interaction violates the independent force generator assumption.
The three-state activation mechanism can be described with a continuous flexible chain model [52] [53] [54] [55] [56] where tropomyosin is treated as a slender, infinite, linearly elastic beam that interacts with actin via a potential energy per unit distance (Fig. 1B) . Conformational changes in troponin and/or myosin binding locally displace tropomyosin, whose equilibrium shape minimizes energy. Thus, for example, when a myosin molecule binds to actin, it locally displaces tropomyosin into the open position (Fig. 1B,C) . The continuous flexible chain model allows one to define local intermolecular interactions, but without the assumption of independent force generators, one cannot derive Huxley PDE models (Eq. 1).
These PDE models are critical to the understanding of muscle function, since they connect the behavior of a single myosin molecule to the behavior of large molecular ensembles [57] [58] [59] [60] [61] [62] [63] [64] [65] . As recent experimental techniques have allowed precise measurement of single molecule properties [3] , these models have the potential to connect single molecule, myofibril, muscle fiber, and whole muscle experiments -more than a century of published measurements. While this connection is likely complex, since muscle is not a uniform continuum but is rather arranged in discrete units called sarcomeres, multi-sarcomere simulations of these PDEs [66, 67] and integro-PDEs [28] can be performed. The importance of the connection between single molecule and whole muscle function is underscored by the fact that subtle molecular defects, like a single point mutation, underlie some potentially fatal genetic diseases [68, 69] .
Lacking PDE models, researchers must simulate activation dynamics with comparatively inefficient MonteCarlo methods [40, 56, [70] [71] [72] [73] [74]. Thus, parameter estimation from data fitting is, as yet, extremely difficult if not impossible. Further, since even current multisarcomere PDE simulations push the limits of computation [28, 66, 67] , tractable large-scale simulations depend on simple, efficient models. In order to address these issues and, more broadly, to develop a method to describe large ensembles of locally coupled molecular motors, we present a differential equation theory for muscle activation. This theory not only reproduces experimental observations, some of which depend on local coupling, but also can be used to estimate physical parameters.
I.1. Preliminary work: proof-of-principle
Local coupling presents two distinct problems for the modeling of myosin ensembles: First, how can the molecular details underlying the coupling be minimally mod- eled? Second, how can the time-evolution of an ensemble be described with a computational efficiency that approaches Huxley PDE models? In a previous paper [75] , we proposed and validated a simple two-parameter model of local coupling and two methods to simulate the timeevolution of such coupled ensembles. These simulation methods apply only to special in vitro conditions (low ATP and low calcium). Here, we extend these methods and develop new methods to allow simulation of coupled myosin ensembles under physiological conditions. As this new work uses aspects of our previous work, we provide a brief description of our model [75] .
In the continuous flexible chain model [52] [53] [54] [55] [56] , tropomyosin's interaction with actin is defined by a potential energy density, W . In general, W (z, y) varies along actin, y, and also depends on tropomyosin's azimuthal position on actin, z (Fig. 1B) . For simplicity, variations along actin are neglected [52] [53] [54] . We further simplify the model by assuming that conformational changes in troponin, which affect tropomyosin's distribution between the blocked and closed states, have reached equilibrium (see Supplementary Material, SM, for more details [76] ). The blocked and closed states of tropomyosin can then be lumped into a single equivalent state and the definition of W (z) modified to include both tropomyosin's interaction with actin and also troponin's calcium-dependent interaction with tropomyosin.
A simple two-parameter model provides a good approximation of this mechanochemical system (Fig. 1C,D ) [75] . The key ideas of this approximation are 1) if two sufficiently close myosin molecules bind to actin, they push the intervening tropomyosin filament into the open state, completely activating all myosin molecules between them; 2) if two sufficiently distant myosin molecules bind, they act independently; and 3) the transition between these two regimes is abrupt (Fig. 1C) . With these assumptions, when a myosin molecule binds to actin and its nearest actin-bound neighbor is s molecules away, then the energy change upon myosin binding, ∆V , increases linearly with myosin separation if s is less than a critical number of molecules away, C; conversely if s > C then the binding energy is a constant:
where ∆V M is a constant that reflects the maximum binding energy (measured in k B T , Boltzmann's constant times absolute temperature). The model is defined by two parameters, C, the maximum number of myosin molecules that can be activated by two actinbound myosin molecules and ε = exp(−∆V M ), the rate an isolated myosin binds to the thin filament divided by the rate myosin binds when tropomyosin is in the open state (Fig. 1D) . The larger the value of C and the smaller the value of ε, the greater the local coupling between myosin molecules. When not in the open state, tropomyosin is thought to primarily inhibit myosin's binding rate [40, 50] . With some assumptions (details in SM), Eq. 2 and the parameters C and ε determine a given myosin's binding rate, k a , relative to how it binds in the absence of tropomyosin inhibition, k 0 a . The binding rate, k a , depends on the closest neighboring actin-bound myosin. Supposing the nearest bound myosin to the left is i molecules away, and the nearest bound myosin to the right is j molecules away, then [75] 
This equation connects myosin's binding rate to the state of neighboring myosin, thereby defining local coupling.
Equation 3 describes the behavior of a single molecule. Modeling an ensemble of such molecules requires a description of the time-evolution of the ensemble's state. The state of an ensemble is determined by the number of locally "active" regions of the thin filament. Specifically, when several myosin molecules are bound to actin and none is further than C molecules away from its nearest bound neighbor, then tropomyosin is in the open state throughout this region (Fig. 1C) . The region is then active, in the sense that tropomyosin does not inhibit myosin binding. At low ATP concentrations, when myosin's reaction rates are independent of force [8, 77] , binding probability in an active region is a constant; binding probability is zero outside the region; and local coupling occurs only at its edge (Fig. 1E) . If active regions are sparsely distributed and rarely interact, the sparse binding limit, then the time-evolution of these active regions (i.e. their nucleation, growth, shrinkage and disappearance) is described by a set of linear ODEs. These ODEs then determine the time-dependent state of the ensemble [75] .
Using an experimentally-validated model for myosin's interaction with actin [65] and adjusting only the coupling parameters (C and ε), this activation model closely fits measurements both at high and low calcium [75] . At low calcium, we estimate C ≈ 11 and ε ≈ 0.003 -strong local coupling. These parameter estimates (and a sensitivity analysis) were possible because our ODE description decreased simulation times by roughly a factor of 10 4 compared to Monte-Carlo methods.
I.2. A full model of activation
Though an important first step, this work is far from a complete model of calcium-dependent muscle activation. A complete model must 1) work at all calcium concentrations (and not just the sparse binding limit); 2) apply to experimental conditions where myosin's unbinding rate is force-dependent (and not just to low ATP); and 3) be coupled to Huxley PDE models of myosin's mechanochemical interaction with actin. Here, using our model of local coupling between myosin molecules (Eq. 3), we derive a theory that satisfies these three requirements. The outline of the paper is as follows: in Part II, we provide a conceptual description of our theory; in Part III, we present the governing equations of the theory; in Part IV, we validate the theory for various parameter choices and various simulated experiments; in Part V, we compare the theory and our molecular model to experiments, validating both.
II. A CONCEPTUAL DESCRIPTION OF THE THEORY
The idea behind the theory is that a large myosin ensemble can be divided into two phases: an active phase and an inactive phase. Throughout the active phase, tropomyosin is in the open state and myosin molecules behave like a uniform continuum, obeying Huxley PDEs (Eq. 1) that assume independent molecules. Myosin molecules in the inactive phase are unbound and also behave like a continuum, obeying Huxley PDEs without access to bound states. Thus, modeling the ensemble requires equations for the time evolution of the active and inactive phases.
When calcium levels are low, the active phase consists of small, isolated clusters of bound myosin (Fig. 1E ). These clusters are nucleated, grow, shrink and then disappear. As in our preliminary work [75] , a series of ODEs describes this process and, if the clusters rarely interact with each other, these are linear ODEs. Now, however, steps in this process depend on the state of molecules in the active and inactive phases, and these states are determined by the Huxley PDEs.
This idea is readily extended to the case where calcium levels are high. Under these conditions, the inactive phase consists of small isolated regions where no myosin is bound (we call these regions voids). Voids are nucleated, grow, shrink and disappear -processes that are governed by a set of linear ODEs. When this high-calcium limit is spliced together with the low-calcium limit, the theory applies to any calcium concentration. If necessary, extensions of the two limits are possible by the inclusion of non-linear terms.
These ideas allow three specific advances. First, the high-calcium limit extends the model beyond the lowcalcium limit. Second, treating the active and inactive phases as continua couples Huxley PDEs (Eq. 1) to the ODEs describing cluster or void dynamics. Third, splicing together the low-and high-calcium limits results in a model that applies at arbitrary calcium concentration. Taken together, these advances allow the derivation of a set of PDEs coupled to linear ODEs that describe the calcium-dependent activation dynamics of locally coupled myosin ensembles.
III. MATHEMATICAL IMPLEMENTATION

III.1. PDE models
Implementing the theory requires a Huxley PDE model for myosin's interaction with actin (Eq. 1). Throughout this work, we use two different PDE models: 1) an oversimplified two-state model that can be easily simulated and includes important features in myosin's interaction with actin (e.g. force-dependent detachment); and 2) a more realistic four-state model, that is harder to simulate but describes a wide range of in vitro experiments [65] . These ideas generalize to different PDE models.
III.1.1. Two state model
The two state model is perhaps the simplest model that contains the following aspects of myosin's interaction with actin The simplicity of this model allows relatively efficient Monte-Carlo simulations. Further, the model is defined by only three parameters. Although such a simple model cannot replicate some experimental results, these properties allow extensive validation of the theory under a wide variety of conditions (Part IV). In order to compare the theory to experimental measurements (Part V), a four state model is required [65] . In general, the two state model would be defined by two coupled integro-PDEs, one for the probability density of the bound state, n 1 (x, t), and another for the probability of the unbound state N 2 (t). There is also a constraint of conservation of probability
Combining these gives a single integro-PDE [35, 36] 
with binding probability
Here, k is the stiffness of myosin, λ is a parameter with units of length that determines the force-dependence of detachment and the kinetic parameters k a and k 0 d describe attachment and detachment, respectively. This equation can be non-dimensionalized (see SM), yielding three parameters:
describes the binding of molecules in the active phase.
In the inactive phase, the attached state of myosin is not available, so myosin is in the unbound state
The theory of locally coupled myosin ensembles requires three variables that depend on Eqs. 4 and 5. They are:
1. The binding probability in the active phase
where, n 1 comes from the solution of Eq. 4.
2. The binding rate of a molecule in the inactive phase
where N 0 2 = 1 (Eq. 5). 3. The unbinding rate of a molecule in the active phase
which is the expectation value of the detachment rate.
III.1.2. Four state model
The four state model is perhaps the simplest model that can adequately describe in vitro experiments [65] . The Huxley PDEs for the four-state model are [65] 
where [T ] is the concentration of ATP, v is the speed of actin relative to myosin,
force-dependent rate of ADP release, k T the ATP binding rate, k + h the forward rate of ATP hydrolysis and k − h the reverse rate of ATP hydrolysis. In addition to these equations, there is the constraint of conservation of probability:
We have characterized the parameters in this model (for chicken pectoralis myosin at 25
• C) [65] , and use these parameters in our simulations (k = 0.3pN/nm, 
We assume that this equation is in steady-state. Then,
For this model, the three variables used in the theory of locally coupled myosin ensembles are:
where n 1 and n 2 come from the solution of Eq. 9.
where N 0 4 comes from Eq. 10. 3. The unbinding rate of a molecule in the active phase
III.2. Theory of locally coupled myosin ensembles
Derivation of the theory occurs through three steps: first, equations are derived for the sparse binding limit, applicable at low calcium; second, equations are derived for the dense binding limit, applicable at high calcium; and third, the two limits are spliced together. Both the sparse and dense binding limits are coupled to the Huxley PDEs.
III.2.1. Sparse binding limit
In the sparse binding limit, the active phase of the thin filament consists of small, isolated regions, or clusters (Fig. 1E) . These clusters are nucleated, grow, shrink and disappear. The ODE model for the sparse limit describes the dynamics of a vector, c, whose entries, c i , give the expected number of clusters that span i molecules divided by the total number of molecules in the ensemble, M , in the limit that M → ∞.
Large clusters grow when molecules bind within a distance C − 1 of each end; they shrink when the bound molecules at either end unbind. Thus, for i ≥ C
The terms on the right hand side are, from left to right, the increase in clusters of size i due to shrinking of larger clusters, the decrease due to growth, the decrease due to shrinkage, and the increase due to growth of smaller clusters. For 1 < i < C the upper bound of the final sum must be adjusted to i − 1. For i = 1, there is no increase due to growth (the final sum disappears), and is replaced by a nucleation term
A new cluster is nucleated when a molecule binds, and the nearest cluster is further than C − 1 molecules away. Additionally, since a single molecule makes up the cluster, the decrease due to shrinkage (the third term) is halved. For a more in-depth discussion of the derivation of Eqs. 14 and 15, see SM.
In these equations, k u is the unbinding rate of a molecule known to be in a bound state, k b is the binding rate of a molecule known to be in an unbound state and N b is the probability of a molecule being in a bound state. These terms all depend on the Huxley PDEs, and
During theory validation (Section IV), we calculate the average binding probability, P b , which gives the probability of a randomly selected molecule being bound to actin [78] . This probability is determined by c,
This derivation allows arbitrarily large clusters (i.e. the sums in Eqs. 15 and 16 go to infinity). When implementing the theory, it is convenient to truncate these sums. In practice, maximum cluster sizes of 200 were sufficiently large that further increases in maximum cluster size had little effect (see SM).
III.2.2. Dense binding limit
In the dense binding limit, the thin filament is mostly in the active phase and there are small, isolated inactive regions, or voids. These voids are nucleated, grow, shrink and disappear. Note that the smallest void contains C sequential unbound myosin flanked, on either side, by a bound myosin. Thus, the ODE model for the dense binding limit describes the dynamics of a vector, v, whose entries, v i , give the expected number of voids that span C − 1 + i molecules divided by the total number of molecules in the ensemble, M , in the limit that M → ∞.
Large voids grow when either of the bound molecules at its end detach; they shrink or disappear when molecules bind in their interior. Thus, for i ≥ C
The terms on the right hand side are, from left to right, the increase in voids of size i due to shrinking of larger voids, the decrease due to growth, the decrease due to shrinkage, and the increase due to growth of smaller voids.
where
C is a small adjustment to ensure that the final parenthetical expression is 1 in the absence of regulation (ε = 1). As in Eq. 17, the terms on the right hand side of Eq. 18 are, from left to right, the increase in voids of size i due to shrinking of larger voids, the decrease due to growth, the decrease due to shrinkage, and the increase due to growth of smaller voids. Here, there is an additional term for nucleation. For a more in-depth discussion of the derivation of Eqs. 17 and 18, see SM.
The average binding probability, P b , used for validation, is
is the adjusted binding probability, reflecting the fact that there would be voids without local coupling (i.e. with ε = 1), so that binding probability is slightly higher than N b in regions without voids. As in the sparse binding limit, the variables k u , k b and N b depend on the Huxley PDEs, and are defined in Eqs. 6, 7, 8 and Eqs. 11, 12, 13 for the two-and four-state model, respectively. Also like the sparse binding limit, this derivation allows arbitrarily large voids (the sums in Eqs. 17, 18 and 19 go to infinity). We truncate these sums at 200 (see SM).
III.2.3. Splicing the two limits together
The sparse binding limit (Eqs. 14 and 15) describes myosin ensembles at low calcium when few myosin are bound; the dense binding limit (Eqs. 17 and 18) describes myosin ensembles at high calcium when tropomyosin is mostly in the open state. Under some conditions, the system passes from one limit to the other. For example, relaxed muscle has low intracellular calcium and is in the sparse binding limit; but upon receiving sustained electrical stimulation, intracellular calcium increases and the system transitions to the dense binding limit. To approximate such conditions, the two theories can be spliced together.
Splicing the theories is accomplished by simulating one set of equations, say the sparse binding limit, until binding probability hits a critical value, P * b . An appropriate initial condition, v(0), must be specified in order to begin simulating with the dense binding site limit. This is a non-trivial task, as this initial distribution of voids depends on how the clusters c are spatially distributed. To simplify the problem, we guess a form for the initial distribution of voids and choose parameters to match the binding probability P b and the first time derivative of binding probability dP b /dt.
Since matching P b and dP b /dt requires the solution of two equations, it is natural to guess a form for the initial distribution of voids or clusters with two parameters (p 1 and p 2 ). We used (20) and
Finding p 1 and p 2 can be accomplished with a root find to match P b and dP b /dt (for details, see SM). We switched between the two limits when the binding probability was half the binding probability in an activated region:
IV. VALIDATION I: COMPARISON WITH STOCHASTIC SIMULATIONS
The theory is not an exact description of the dynamics of locally coupled ensembles. A central assumption in the derivation is that the molecular ensemble exists in two phases. This assumption implies that the time scale of cluster or void growth is slow compared to the internal binding/unbinding dynamics and consequently each cluster or void has no memory. Particularly when there is rapid growth/decay and coupling is weak, this assumption is violated. In this and the next section (Sections IV and V), the approximations in the theory are shown to introduce only small errors during muscle activation.
The theory is validated in two ways. Here (Section IV), the theory is implemented with a simple two-state Huxley PDE model for myosin's interaction with actin and compared to Monte-Carlo simulations (details in SM). This two-state model, though over-simplified, maximizes simulation speed and is specified by three parameters, allowing more thorough testing of the theory than is possible with the realistic, but more complex, four-state model. Section V describes the second test of the theory, a comparison to realistic simulations with the four-state model and to published experiments.
The three parameters defining the two-state model are
The first, E, defines the mechanochemical coupling between molecules [65] [79], the second, K, defines the binding probability. Both are variable in muscle (as forcedependence and detachment rate both depend on ATP and phosphate concentrations), but under typical experimental conditions are K ≈ 0.2 and E ≈ 1 [65] . The final parameter, D, determines the importance of thermal fluctuations in initial binding position (see SM). It is typically large, indicating that these fluctuations have little effect. It is also unlikely to vary in muscle. Therefore, D = 100 for all simulations. Local coupling is defined by the parameters C and ε, which modify the attachment rate k a as described in Eq. 3. In all simulations, C = 11.
In the first set of simulations, theoretical predictions are compared to simulated steady-state binding probability as a function of the coupling parameter ε. Simulations were performed in the absence of external force for several values of K (Fig. 2A) , and in the absence of sliding (v = 0, isometric) for several values of E (Fig. 2B) . Agreement between theory and simulation is reasonable. The predicted distribution of clusters (Fig. 2C) and voids ( Fig. 2D ) also matches simulations.
To usefully model muscle activation, besides describing steady-state behavior, the theory must also capture transient behavior. The second set of simulations therefore compares theoretical predictions to simulated binding probability transients. All simulations were performed with K = 0.25 and E = 1, in order to approximate myosin's interaction with actin. The dense binding limit was compared to isometric simulations with ln(ε) = −5. Simulations started from steady-state with tropomyosin in the open state (the steady-state solution to Eq. 4). The theory agrees both with simulated average binding probability and void distribution as a function of time (Fig. 3A) . The sparse binding limit was compared to isometric simulations with ln(ε) = −6, starting with zero bound molecules. The theory agrees both with simulated average binding probability and cluster distribution as a function of time (Fig. 3B) .
The third set of simulations compares the theory to simulated transients under more complex conditions. Specifically, myosin molecules interacting with a regulated thin filament are coupled in two ways: 1) locally, through displacement of tropomyosin; and 2) globally, through mechanochemistry. Under isometric conditions, this global coupling does not happen. Mathematically, the activation ODEs (Eqs. 14 and 15 for the sparse binding limit and Eqs. 17 and 18 for the dense binding limit) are uncoupled from the Huxley PDEs (Eq. 4). Being uncoupled, the equations can be solved sequentially, first Eq. 4 and then the activation ODEs. More generally, when a fixed force, F ext is applied to a molecular ensemble, Eq. 4 must be solved subject to an integral constraint
where M is the number of myosin molecules in the ensemble. Since P b is determined by the activation ODEs (Eqs. 11 or 19), all equations must be solved simulta- neously. To examine these more complex conditions, simulations were performed in the sparse binding limit (ln(ε) = −6), with force switching dynamically between two values. The theory agrees with both average binding probability and actin position as a function of time (Fig. 3C) .
A model of muscle activation must be reasonably accurate under all physiologically relevant conditions, not just in the dense or sparse binding limit. The previous simulations remained (approximately) in one limit or the other. The final set of simulations transitioned between the two limits. Alone, the dense or sparse binding limit did not agree with the simulations (Fig. 4, dashed line) . Agreement was reasonable when the two theories were spliced together at half-maximal activation, P * b = N b /2 (Fig. 4, solid line, arrows indicate the splice) . The theory therefore captures steady-state and transient behavior of locally coupled, force-dependent molecular ensembles.
V. VALIDATION II: COMPARISON WITH EXPERIMENT
The assumptions of the theory are justified by its successful description of the dynamics of a simulated ensemble of locally coupled force dependent molecules. However, these comparisons were performed with an oversimplified two-state model (Eq. 4) and the assumptions might break down with a more realistic four-state model (Eq. 9). In this section, the theory is shown to agree with the four-state model, demonstrating that the assumptions remain valid. More critically, derivation of the theory depends on the assumed form of local coupling between molecules (Eq. 3). When comparing theory to simulation, these assumptions are not tested since this form of local coupling is incorporated in the simulations. Also in this section, the assumed local coupling is validated by a demonstration that theory and simulation agree with published experiments spanning sub-cellular, cellular and whole muscle size scales.
Here, qualitative agreement between theory and experiment is desired. Detailed, quantitative agreement is Simulations started from steady-state with tropomyosin in the open state, and local coupling (ln(ε) = −5) was initiated at t = 0. The left plot shows average binding probability for the theory (solid line) and simulations (dark gray line is the mean, light gray region the standard deviation). Inset shows a larger ensemble size. The right plot shows void distribution at two different times (symbols are the mean and error bars the standard error; lines are the theory). Inset shows the time-dependence of voids of size 1 (dark gray line is the mean, light gray region the standard error, black line is the theory). B. The sparse binding limit is consistent with isometric simulations starting with no bound molecules with ln(ε) = −6. The left plot shows average binding probability for the theory (solid line) and simulations (dark gray line is the mean, light gray region the standard deviation). Inset shows a shorter set of simulations with a larger ensemble size. The right plot shows cluster distribution at two times (symbols are the mean and error bars the standard error; lines are the theory). Inset shows the time-dependence of clusters of size 1 as a function of time (dark gray line is the mean, light gray region the standard error; black line is the theory). C. The theory is consistent with simulations where force is varied dynamically. In the top two plots, the mean of 10 simulations is the dark gray line and the standard deviation the light gray region. The sparse binding limit is the black line. The bottom plot shows force (in units of kd) as a function of time. The theory successfully predicts actin position (in units of d, middle plot) and binding probability (top plot) as a function of time. In these simulations, ln(ε) = −6.
precluded by the complexity of cellular (and larger) size scales. For example, cellular force generation may include sarcomere non-uniformity [28, 66, 67] , calcium sensitivity in proteins besides actin and myosin [80] (e.g. titin, [81] , and myosin binding protein-c, [82] ), all of which are neglected in the theory. Even sub-cellular measurements, which are more tightly controlled, are affected by differences in temperature, buffer composition, and source of muscle protein. Quantitative comparisons will require close collaboration between theorists and experimentalists.
Comparing the theory to experiments requires a connection between the coupling parameters C and ε and calcium concentration. As we are interested in qualitative agreement, we make simplifying assumptions, when possible. In particular, we assume that C is not affected by calcium. Since ε = exp(−∆V M ), its calcium-dependence is determined by calcium's effect on the energy change for an isolated myosin binding to actin, ∆V M (Eq. 2). This energy change is assumed to be where K M is the Michaelis-Menten constant of calcium binding and the parameters V 0 and V max are measured in units of k B T .
Equation 23 is motivated in the following way. Troponin exists in two states, a calcium-bound (C) state and a calcium-free (F) state. When troponin is in the F state, tropomyosin preferentially occupies the blocked position and myosin binding is unfavorable, occurring with energy change V max . When troponin is in the C state, tropomyosin preferentially occupies the closed position and myosin binding is more favorable, occurring with energy V 0 . The equation is then derived by assuming that troponin's occupancy of the C and F states depends on calcium according to Michaelis-Menten kinetics. This assumption implies 1) that myosin binding does not affect troponin's calcium affinity (consistent with skeletal, but not cardiac muscle [50] ); and 2) that calcium binding to troponin is not cooperative. Note that, as there is little difference in myosin binding to actin in the presence and absence of tropomyosin at high calcium, V 0 is assumed to be small.
V.1. Fits to experiments showing local coupling
When a neural signal reaches a muscle cell, calcium is released from specialized intracellular structures. This increase in calcium triggers the molecular events of activation modeled here. Some muscle experiments are performed with muscle cells that retain this mechanism of calcium release. Then, an electrical impulse is applied and muscle force or motion is measured. Other muscle experiments are performed with systems where the concentration of calcium is manipulated directly. We initially consider three experiments where calcium is controlled directly before considering experiments where calcium is indirectly controlled by electrical stimulation.
V.1.1. Rigor activation in a motility assay
Myosin can be isolated and adhered to a surface. When fluorescently-tagged regulated thin filaments (actin with troponin and tropomyosin) and ATP are added, the fluorescent filaments can be observed sliding across the surface and their average sliding speed can be measured under a variety of conditions. This motility assay is remarkable in its simplicity; one can quantitatively evaluate myosin's interaction with actin without any of the complexity of the cellular environment.
Using this system, Kad et al. [40] measured thin filament speed at low ATP concentration at both high and low calcium. The low ATP concentration is notable because myosin's unbinding from actin requires ATP. Thus, at these low concentrations, the lifetime of bound myosin is greatly increased. At high calcium concentrations (pCa 4), they observed a linear increase in thin filament speed with increasing ATP concentration. This relationship is expected because, when ATP concentration is low and limits detachment, myosin's detachment rate increases linearly in ATP (as k At low calcium concentrations (pCa 8), they observed a remarkable biphasic relationship between filament speed and ATP. At the lowest concentrations of ATP, there was little difference between the low and high calcium concentrations. As ATP was increased, so too did the sliding speed. However, around 50µM ATP, they observed an abrupt decrease in sliding speed with further increases in ATP leading to further decreases in speed.
They interpret these low calcium results in the following way. Myosin binding to regulated thin filaments is strongly disfavored, but does happen occasionally. [40] (dots show the mean and error bars the standard deviation for 10 simulations). B. A one-parameter fit (solid line, a gap separates the sparse and dense limits) to isometric force-pCa data from skinned muscle fibers [83] . To demonstrate that the theory reasonably reflects the model's behavior, the results of Monte-Carlo simulations are also shown (black dots, and inset). C. The predicted motility speed pCa relationship, using parameters from the fits to isometric force pCa and rigor activation data, is consistent with recent measurements [40, 84] . D. Theory and simulation agree when ε is varied dynamically. To show that the theory can describe activation of intact fibers or whole muscle, where a train of electrical impulses of variable frequency activates a muscle, we simulated square waves in ε at slow (S, bottom), medium (M, middle) and fast (F, top) frequency. In all cases, the theory (black line) reasonably reproduces the average of three simulations (gray line). A splice occurs in the theoretical curve for the fast frequency at Fiso/Fmax = 0.5. E. The theory reproduces activation of intact fibers and whole muscle. Upper left: theoretical response from a single electrical impulse at t = 0.1s, showing calcium concentration (bottom) and force (top) as a function of time. Right: theoretical force response to a short series of electrical impulses (doublets and quintets) at variable frequency (cf. Fig. 3 in [85] ). Bottom left: the predicted force response to a long series of electrical impulses of variable frequency is consistent with experiments [86] [87] [88] (f50 is the frequency of half-maximal force).
remains bound for a sufficiently long time that neighboring myosin molecules bind. Thus, the thin filament appears fully active, even though calcium concentrations are low, a phenomenon called rigor activation [40] . However, once ATP concentration is sufficiently large, in the rare cases that a myosin molecule binds to the thin filament, there is not enough time for neighboring myosin molecules to bind, resulting in a decrease in sliding speed.
These rigor activation experiments demonstrate local coupling. The measurements cannot be explained by a Huxley PDE model, where molecules are independent and calcium affects only attachment rate [40, 75] . From fitting these data, we can estimate C and V max . Here, we pick C = 13 and ε([Ca] = 0) = exp(−V max ) = 0.0012. These parameters are not the result of a rigorous optimization procedure, but are consistent with experimental measurements (see Fig. 5A ). We are then left with one parameter with which to fit data, K M .
V.1.2. Force-pCa in a permeablized fiber
The presence of a detergent disrupts the membrane of a muscle cell while the interior structures, including the thick and thin filaments, remain largely unaffected. These permeablized muscle fibers allow the chemical environment to be precisely controlled, yet some of the complexity of the cellular environment remains.
In one set of experiments, Millar and Homsher [83] measured isometric force as a function of calcium concentration in a permeablized fiber. Force increases with calcium and, when the data are normalized and plotted as the negative log of the calcium concentration (pCa), the slope of the curve at half maximal force (the Hill coefficient) is 2.5. A system of non-interacting myosin molecules should have a Hill coefficient near 1, suggesting the presence of local coupling between myosin molecules [83] . This interpretation is bolstered by measurement of a strongly reduced Hill coefficient in experiments with muscle fibers containing mutated regulatory proteins that interrupt the local coupling [89] .
These data are therefore a good test of the model, since a good fit requires local coupling. The efficiency of the theory allows the use of an optimization algorithm (Matlab's fminsearch function) to perform an optimizationof-fit, which identified K M = 0.265µM as the best-fit parameter. With this value, the model reasonably fits the data [83] (Fig. 5B) . We tested the assumptions of the theory by comparing the theory to Monte-Carlo simulations with the four-state model (Fig. 5B , solid dots and inset). The agreement is good.
V.1.3. Prediction of motility at variable calcium
The model fits two experimental measurements that demonstrate local coupling. These fits were performed by choosing the model's three parameter values (C = 13, exp(−V max ) = 0.0012 and K M = 0.265µM). With these parameter values, the model then predicts regulated thin filament speed as a function of calcium concentration as measured in the motility assay. These predictions lie between two recent experimental measurements [40, 84] (Fig. 5C ). This predictive ability suggests that the model's assumptions are reasonable.
V.1.4. Experiments with intact muscle
An intact muscle fiber or whole muscle is typically activated electrically with a series of pulses of variable frequency. To ensure that the theory can reproduce such measurements, simulations were performed with the fourstate model having ε switch between discrete values [90] . The theory is in reasonable agreement with simulations (Fig. 5D) , indicating that the theory faithfully reflects the behavior of the molecular model.
To fit electrically stimulated fiber or muscle data, calcium release must be modeled. We assume that, after stimulation, calcium rises quickly and decays more slowly, roughly in accordance with the equation
where t 0 is the time at which stimulation occurs, A and r are constants and H(x) is the Heaviside step function. A can be estimated by expecting a single stimulation pulse to generate a bit less than 20% isometric force (Fig. 5E , upper left). The calcium pulse lasts only a few tens of milliseconds, allowing r to be estimated. This estimate was further refined by fitting measurements of maximal force arising from short pulses of stimulation (doublets and quintuples, Fig. 5E , upper right) [85] . The theory, with all its free parameters defined, was used to predict how force depends on stimulation frequency. Although the measured relationship between stimulation frequency and force is varied, depending on temperature and fiber type [86] [87] [88] , the relationships become similar when frequency is rescaled by the frequency of half-maximal force f 50 . The theoretical prediction is in good agreement with these data (Fig. 5E, lower left) . The model's repeated ability to predict experimental results provides further support for its assumptions.
VI. DISCUSSION
Since the advent of single molecule techniques, biologists and physicists have intensely studied the function of motor proteins using both theoretical and experimental methods [2] [3] [4] [5] [6] 8] . Recent work has focused on the complex behaviors that emerge when motors, working as a group, interact via a shared cargo [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [27] [28] [29] [30] [31] . Large ensembles of these motors are described with Huxley PDEs (Eq. 1), given the assumption of independent force generators [22, 23] . However, when motors are coupled locally, the independent force generator assumption is violated and it is unclear how to model such systems. When the motor protein myosin interacts with regulated thin filaments, local coupling occurs through the regulatory protein tropomyosin [39] . This local coupling is required to capture experimental observations such as rigor activation in the motility assay [40] (Fig. 5A) and the relationship between isometric force and pCa in permeablized fibers [83, 89] (Fig. 5B) .
In this paper, we develop a model, informed by experimental measurements, that describes myosin's interaction with regulated thin filaments. This model defines the local coupling between myosin molecules in an ensemble. Concurrently, we derive a theory, consisting of linear ODEs coupled to PDEs, that describes the behavior of the ensemble. The ODEs determine calciumdependent activation of the thin filament; the PDEs determine myosin's interaction with actin. The theory is sufficiently accurate and efficient to allow parameter estimation using optimization. The model reasonably reproduces experiments at the molecular to the whole muscle scale, including results that depend on local coupling. The success of the model gives us confidence in its assumptions. Besides representing an interesting application of local coupling in motor ensembles, these results significantly advance the multi-scale modeling of muscle contraction and potentially have broad application.
Our theory's description of muscle activation has the potential to remove a major obstacle in the multi-scale modeling of muscle contraction. This multi-scale description has seemed on the horizon for nearly sixty years, ever since the sliding filament and cross-bridge theories were formalized as PDEs (Eq. 1) [22] . Subsequent work modified these PDEs to be consistent with thermodynamic constraints and with a growing body of biochemical and biophysical measurements [57] [58] [59] [60] [61] [62] [63] [64] . But, it was not until recently that molecular-scale measurements filled in missing details.
Twenty years ago, a single myosin molecule was observed interacting with a single actin filament [3] , ushering in a new era of experimental measurement. Researchers subsequently measured details like the forcedependence of myosin's reaction rates [8] , relationships which had previously been modeled with ad hoc methods. This force-dependence was hypothesized to account for observed differences in single molecule and ensemble measurements [91] [92] [93] ; however, the connection between single molecule and ensemble was explicitly made only recently, as molecular details were incorporated into the PDEs [65, 94] .
These PDEs depend on the independent force generator assumption [22, 23] , which is violated during muscle activation [38] . Lacking this assumption, most models of activation only consider equilibrium and special cases [38, 95] , or depend on inefficient Monte-Carlo methods [40, 55, 56, [70] [71] [72] [73] . Recognizing that versatility and efficiency are critical to multi-scale models, phenomenological descriptions of activation have been developed [96] . But phenomenological models lack a clear connection to the molecular scale. This connection is important for two reasons: first, molecular-scale experiments are more tightly controlled than macroscopic experiments, allowing more quantitative comparisons between theory and experiment; and second, a rational understanding of the basis of genetic diseases depends on it [68, 69] .
Violation of the independent force generator assumption represents a major obstacle to multi-scale muscle modeling since, on the one hand inefficient [40, 55, 56, [70] [71] [72] [73] or restricted [38, 95] methods describe the molecular scale or, on the other hand, efficiency is achieved at the cost of a molecular description [96] . The theory presented here removes this obstacle by retaining molecular detail while being of efficiency comparable to PDE models. The potential of the theory is demonstrated by its success at simultaneously describing experiments at the molecular (Fig. 5A,C) and macroscopic (Fig. 5B,E) scales. Such a micro-to macro-scale connection has important applications; for example if a drug were designed to affect a molecular-scale parameter (e.g. K M , V max , etc.), the theory would predict that drug's effect on muscle activation. While the details of the theory await careful validation, the central message of this work is independent of those details: a single set of differential equations can connect micro and macro scale muscle measurements. The biological importance of molecular motors and the broader applicability of models of the form of Eq. 1 to physical processes like friction [37, 97] , suggest that a theory that faithfully reproduces muscle experiments at any scale will provide new insights beyond muscle physiology and biophysics.
